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L5: The Free Electron 
Reminder: Key points from previous lectures 

• we introduced kinetic energy 

 
• and potential energy (for a 1D HO potential) 

 
• we explained how to convert classical operators into quantum mechanical operators 

 
• we discussed eigenvalue equations which are equations with a special form of which the 

Schrödinger equation is an example, H=operator and E=constant 

 
• we introduced our first wave equations 

 
 

Maths Prep for Today 

• complex numbers can be written in polar coordinates 

 
• Euler's formula links exponentials with sin/cos functions 

 
• so we can write complex numbers in an exponential format 

 
• importantly a wavefunction expressed as an exponential is a function of cosq and sinq 

 

In-class Activity 1 

• write an expression for cosq using the exponential form of complex numbers 
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The Free Particle Equation 
• we start with the Schrödinger equation: 

 
•  we choose a 1D system that has no constraining potential (ie the particle is free) V(x)=0 

o  we still have kinetic energy T 

 
• the concept of a partial differential equation was introduced earlier 

o you are familiar with the equations for a line and for a quadratic 

 
o another group of equations can be written for derivatives 

 
o f is a function of one (x) or multiple variables (x,y,z) 
o the overall expression contains differentials of increasing order 
o we define that the equation is linear when the expression has =0  
o overall this is a linear partial differential equation 
o in an algebraic equation we would solve for x a variable, in a differential equation we 

solve for f a function 
o solving differential equations can be difficult (there are whole math courses on just this 

topic), I am just going to give you the solution 

• the general form of the solution for a linear partial differential equation is 

 
where A, B and k are constants 

In-class Activity 2 

• confirm this is a valid solution by evaluating the Wave Equation for y  
 
 
 
 
 
 
 

 

See also the On-Line Activity: Prove ψ is a solution 

 
o thus we have shown that this wavefunction "fits" the equation 
o y is an eigenfunction for the free particle equation, y is a valid solution  
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Energy and "k" 
•  we have shown that this equation is an eigenvalue equation 

 
• and the following relationship holds 

 
o this is very interesting!  we now have a way of understanding the energy of the 

wavefunction 
o the energy is dependent a constant ( ), the mass of the particle and a "k" value  
o this k is not the same k as we used in the harmonic oscillator potential! 
o we can turn the equation around and find an expression for k, so k depends on the 

energy and mass of the particle 

 
o we should understand this to mean that a particle with a specific k has a specific energy 
o our system could range over multiple energies, but each energy will correspond to a 

value of k and a different wavefunction solution (because of the functional form eikx) 

• we need to understand more about 
what k is, Figure 1 
o we know eikx can be written in 

terms of sin and cos functions 

 
o we know these components refer 

to a real (cos(kx)) and imaginary 
(sin(kx)) part of the 
wavefunction, Figure 1a 

o the real and imaginary parts of the 
wavefunction vary in sync (both 
have the same k) 

o typically we only draw the real 
part, it is assumed you know that 
there is an imaginary part 
following just behind 

o a large k means an energetic 
wave, short wavelength and many 
oscillations, Figure 1b 

o and a small k means a low energy 
wave, long wavelength and few 
oscillations 

• we have not constrained k or E in 
any way!   
o hence the name the "free electron" 
o the relationship allows for continuous values for both k and E, Figure 1 
o k allows the wavelength to spread over any value, it can be very small or vary long 
o this equation and its solution tell us that an electron moving through space (ie with 

momentum) experiencing no potential can take on any energy 
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Figure 1 the wavefunction 
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y = cos(2✓)

<latexit sha1_base64="AbTdabsaNbdYayZeVNcSMvPhSKM=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSLWTUhKfWyEghuXFewDmlAm00k7dPJg5kYIoZ/gxl9x40IRty7d+TdO0yy09cCFM+fcy9x7vJgzCZb1rZVWVtfWN8qbla3tnd09ff+gI6NEENomEY9Ez8OSchbSNjDgtBcLigOP0643uZn53QcqJIvCe0hj6gZ4FDKfEQxKGuin6TWJZM0yzx0YU8Bn+dPxBSaZPc3q00Ie6FXLtHIYy8QuSBUVaA30L2cYkSSgIRCOpezbVgxuhgUwwum04iSSxphM8Ij2FQ1xQKWb5QdNjROlDA0/EqpCMHL190SGAynTwFOdAYaxXPRm4n9ePwH/ys1YGCdAQzL/yE+4AZExS8cYMkEJ8FQRTARTuxpkjFUYoDKsqBDsxZOXSadu2hdm465RbdaKOMroCB2jGrLRJWqiW9RCbUTQI3pGr+hNe9JetHftY95a0oqZQ/QH2ucPMAucAQ==</latexit>

y = cos(0.5✓) = cos(
1

2
✓)

(a)

(b)

(c)

important 
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Boundary Conditions 
• the wavefunction solution as it stands is given below 

 
o A and B are coefficients that determine the hight or amplitude of the waves 
o A and B are normally determined by the specifics of the problem as determined by 

boundary conditions (we will cover these shortly!) 
o however for a freely moving electron there are no boundary conditions, the electron is 

free to move in all space 
o we can also write a solution wavefunction in the sin and cos form by expanding out the 

exponentials 

 

o and we know that sin and cos curves go on infinitely (unless pinned by boundary 
conditions) 

o showing this equivalence is one of the end of lecture problems for you to do at home 

Probability 
• to find out where the particle could be we compute the probability density often just 

referred to the probability 
• for example (suppose B=0) 

 
o notice the square, the probability density can never be negative, which is consistent 

with reality (the particle must be somewhere) 
o in this case anywhere we look (for any value of x) the probability of finding the particle 

is A2, this particle is delocalised,  this particle has an undefined position (but a well-
defined momentum =  as we will see shortly!) 

o this is consistent with the Heisenberg uncertainty principle, if the momentum is well 
defined the position is poorly defined. 

In-class Activity 4 

• what is the momentum of the wavefunction solution components? 
o hint: evaluate y with the momentum operator, first set B=0 and then A=0 and evaluate 

 
 
 
 
 

On-Line Activity: Momentum of the free particle 

o thus eikx and e-ikx are both eigenfunctions of the momentum operator  

<latexit sha1_base64="1FzYSh7tPQ+GfAOtVchmdGfzyYU=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQqFYkiLqRqi6cVnBXqCNZTI9bYdOJmFmIpZQN76KGxeKuPUt3Pk2TtostPWHgY//nMOZ83sho1LZ9reRWVhcWl7JrubW1jc2t8ztnboMIkGgRgIWiKaHJTDKoaaoYtAMBWDfY9DwhldJvXEPQtKA36pRCK6P+5z2KMFKWx1zrx1Ken4Bd3GRDh/GxUtNRwl1zLxdsiey5sFJIY9SVTvmV7sbkMgHrgjDUrYcO1RujIWihME4144khJgMcR9aGjn2Qbrx5IKxdaidrtULhH5cWRP390SMfSlHvqc7fawGcraWmP/VWpHqnbkx5WGkgJPpol7ELBVYSRxWlwogio00YCKo/qtFBlhgonRoOR2CM3vyPNTLJeekVL45zlcKaRxZtI8OUAE56BRV0DWqohoi6BE9o1f0ZjwZL8a78TFtzRjpzC76I+PzB/XLloE=</latexit>

 = Ae+ikx +Be�ikx

<latexit sha1_base64="Ge7uHA9Omkwgf0TuBInULtQy+ZE="></latexit>

ω = Ccos(kx) + iDsin(kx)

where C = A+B and D = A→B

<latexit sha1_base64="MZy/wByfR5pPkOwpgDH7e7slEHk="></latexit>

 = Aeikx

P (x) =  ⇤(x) (x)

= Ae�ikxAeikx

= A2e�ikx+ikx

= A2e0

= A2 ⇥ 1

= A2

<latexit sha1_base64="VUZCTHjdqMkJv4KG8YZwulWeRfQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahp5IUUY8FLx4r2A9pQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvkg5nH1Bd4IlnICDZWehxOA6zQDFVG1ZrbcHOgdeIVpAYF2qPq13AckURQaQjHWg88NzZ+ipVhhNNFZZhoGmMywxM6sFRiQbWf5gcv0IVVxiiMlC1pUK7+nkix0HouAtspsJnqVS8T//MGiQlv/JTJODFUkuWiMOHIRCj7Ho2ZosTwuSWYKGZvRWSKFSbGZpSF4K2+vE66zYZ31WjeX9Za9SKOMpzBOdTBg2towR20oQMEBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx9vM49v</latexit>

~k
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Momentum 
• we see that the solution wavefunction is made up of two waves travelling in opposite 

directions, the "A" wave travels with positive  momentum and the "B" wave travels 
with negative -  momentum 

 
• A and B are determined by the initial conditions, so a wave might be "fired" at a target 

moving left to right (positive ) with B=0, that wave could be totally reflected 
by a perfect mirror and now is a wave moving right to left  (negative ) with 
A=0 

• this is reminiscent of the classical 
wavefunctions from L3, Figure 2 
o if we wanted to "measure" the 

momentum we would need to 
take a large number of 
measurements. We would find 
that on average 1/2 the time a 
positive momentum and 1/2 the 
time a negative momentum, but 
before each individual 
measurement there would be no 
way to know which way the wave 
was moving! 

• we also find that the momentum of a 
wave depends on k and , and since 

 is a constant the momentum of a wave depends on k 
• and since k depends on the energy, k is a measure of how energetic a wave is 

 
• what is the momentum of the wavefunction in the sin/cos form? 

 
• find this by evaluating y with the momentum operator, we will first set D=0  

 
• now we have a problem!   
• this wavefunction is NOT an eigenfunction of the momentum operator!! 
• since cos(kx) is real this also tells us that the wavefunction must be complex, it cannot be 

totally real (nor can it be completely imaginary) 
• but we can write the D=0 wavefunction in another form, which returns us to a linear 

superposition of waves 

 

<latexit sha1_base64="Ix/MQiuw3NpQazdqxCrkJzStUbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2FZoQ9lsN+2SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSNUmmGe+wRCb6MaCGS6F4BwVK/phqTuNA8l4Q3c793hPXRiTqAacp92M6ViIUjKKVeoNJQDWJhtWa23AXIOvEK0gNCrSH1a/BKGFZzBUySY3pe26Kfk41Cib5rDLIDE8pi+iY9y1VNObGzxfnzsiFVUYkTLQthWSh/p7IaWzMNA5sZ0xxYla9ufif188wvPFzodIMuWLLRWEmCSZk/jsZCc0ZyqkllGlhbyVsQjVlaBOq2BC81ZfXSfey4V01mvfNWqtexFGGMziHOnhwDS24gzZ0gEEEz/AKb07qvDjvzseyteQUM6fwB87nD+EWjzM=</latexit>

~k
<latexit sha1_base64="Ix/MQiuw3NpQazdqxCrkJzStUbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY8FLx4r2FZoQ9lsN+2SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WNza3tnfJuZW//4PCoenzSNUmmGe+wRCb6MaCGS6F4BwVK/phqTuNA8l4Q3c793hPXRiTqAacp92M6ViIUjKKVeoNJQDWJhtWa23AXIOvEK0gNCrSH1a/BKGFZzBUySY3pe26Kfk41Cib5rDLIDE8pi+iY9y1VNObGzxfnzsiFVUYkTLQthWSh/p7IaWzMNA5sZ0xxYla9ufif188wvPFzodIMuWLLRWEmCSZk/jsZCc0ZyqkllGlhbyVsQjVlaBOq2BC81ZfXSfey4V01mvfNWqtexFGGMziHOnhwDS24gzZ0gEEEz/AKb07qvDjvzseyteQUM6fwB87nD+EWjzM=</latexit>

~k
<latexit sha1_base64="1FzYSh7tPQ+GfAOtVchmdGfzyYU=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQqFYkiLqRqi6cVnBXqCNZTI9bYdOJmFmIpZQN76KGxeKuPUt3Pk2TtostPWHgY//nMOZ83sho1LZ9reRWVhcWl7JrubW1jc2t8ztnboMIkGgRgIWiKaHJTDKoaaoYtAMBWDfY9DwhldJvXEPQtKA36pRCK6P+5z2KMFKWx1zrx1Ken4Bd3GRDh/GxUtNRwl1zLxdsiey5sFJIY9SVTvmV7sbkMgHrgjDUrYcO1RujIWihME4144khJgMcR9aGjn2Qbrx5IKxdaidrtULhH5cWRP390SMfSlHvqc7fawGcraWmP/VWpHqnbkx5WGkgJPpol7ELBVYSRxWlwogio00YCKo/qtFBlhgonRoOR2CM3vyPNTLJeekVL45zlcKaRxZtI8OUAE56BRV0DWqohoi6BE9o1f0ZjwZL8a78TFtzRjpzC76I+PzB/XLloE=</latexit>

 = Ae+ikx +Be�ikx

<latexit sha1_base64="Qq+IWoUV//q3TtzOPEcUaSQC5S0=">AAACGnicbVDLSgMxFM34rOOr6tJNsAjFRZnpQt0IBTcuK9gHdIaSydxpQzOZIckIZeh3uPFX3LhQxJ248W9M2xG09UDg5JxzSe4JUs6Udpwva2V1bX1js7Rlb+/s7u2XDw7bKskkhRZNeCK7AVHAmYCWZppDN5VA4oBDJxhdT/3OPUjFEnGnxyn4MRkIFjFKtJH6ZdcLYMBETjgbiLOJnXqpYlfeMCASj/D0gj3P9kCEP5F+ueLUnBnwMnELUkEFmv3yhxcmNItBaMqJUj3XSbWfE6kZ5TCxvUxBSuiIDKBnqCAxKD+frTbBp0YJcZRIc4TGM/X3RE5ipcZxYJIx0UO16E3F/7xepqNLP2cizTQIOn8oyjjWCZ72hEMmgWo+NoRQycxfMR0SSag2bdqmBHdx5WXSrtfc81r9tl5pVIs6SugYnaAqctEFaqAb1EQtRNEDekIv6NV6tJ6tN+t9Hl2xipkj9AfW5zdd7aBb</latexit>

p = ~k 
<latexit sha1_base64="35svyWE14r4Vhb2INpyd4dPpn4g=">AAACG3icbVDNSgMxGMzWv7r+VT16CRahCJbdIupFKHjxWMHWQreUbPrtNjSbXZKsUJa+hxdfxYsHRTwJHnwbs20FbR0ITGbmI/nGTzhT2nG+rMLS8srqWnHd3tjc2t4p7e61VJxKCk0a81i2faKAMwFNzTSHdiKBRD6HO394lft39yAVi8WtHiXQjUgoWMAo0UbqlWqeDyETGeEsFMdjO/ESxS5PvIFPJB7i/IY9z/ZA9H8yvVLZqToT4EXizkgZzdDolT68fkzTCISmnCjVcZ1EdzMiNaMcxraXKkgIHZIQOoYKEoHqZpPdxvjIKH0cxNIcofFE/T2RkUipUeSbZET0QM17ufif10l1cNHNmEhSDYJOHwpSjnWM86Jwn0mgmo8MIVQy81dMB0QSqk2dtinBnV95kbRqVfesenpTK9crszqK6AAdogpy0Tmqo2vUQE1E0QN6Qi/o1Xq0nq03630aLVizmX30B9bnN9UBoJQ=</latexit>

p = �~k 

<latexit sha1_base64="09/br4k5h31zG8UG9/pNvjOuBlQ=">AAACC3icbVDLSsNAFJ34rPFVdelmaBGKi5J0oS4LblxWsA9oQplMbtKhk0mYmQgldO/GX3HjQhG3/oA7/8bpQ9DWAxcO59zLvfcEGWdKO86Xtba+sbm1Xdqxd/f2Dw7LR8cdleaSQpumPJW9gCjgTEBbM82hl0kgScChG4yup373HqRiqbjT4wz8hMSCRYwSbaRBueIFEDNREM5icT6xvWFAJLY9EOGPNihXnbozA14l7oJU0QKtQfnTC1OaJyA05USpvutk2i+I1IxyMDtyBRmhIxJD31BBElB+Mftlgs+MEuIolaaExjP190RBEqXGSWA6E6KHatmbiv95/VxHV37BRJZrEHS+KMo51imeBoNDJoFqPjaEUMnMrZgOiSRUm/hsE4K7/PIq6TTq7kW9cduoNmuLOEroFFVQDbnoEjXRDWqhNqLoAT2hF/RqPVrP1pv1Pm9dsxYzJ+gPrI9vJdWaZQ==</latexit>

~
<latexit sha1_base64="09/br4k5h31zG8UG9/pNvjOuBlQ=">AAACC3icbVDLSsNAFJ34rPFVdelmaBGKi5J0oS4LblxWsA9oQplMbtKhk0mYmQgldO/GX3HjQhG3/oA7/8bpQ9DWAxcO59zLvfcEGWdKO86Xtba+sbm1Xdqxd/f2Dw7LR8cdleaSQpumPJW9gCjgTEBbM82hl0kgScChG4yup373HqRiqbjT4wz8hMSCRYwSbaRBueIFEDNREM5icT6xvWFAJLY9EOGPNihXnbozA14l7oJU0QKtQfnTC1OaJyA05USpvutk2i+I1IxyMDtyBRmhIxJD31BBElB+Mftlgs+MEuIolaaExjP190RBEqXGSWA6E6KHatmbiv95/VxHV37BRJZrEHS+KMo51imeBoNDJoFqPjaEUMnMrZgOiSRUm/hsE4K7/PIq6TTq7kW9cduoNmuLOEroFFVQDbnoEjXRDWqhNqLoAT2hF/RqPVrP1pv1Pm9dsxYzJ+gPrI9vJdWaZQ==</latexit>

~

<latexit sha1_base64="4yO4klyo/qMAFXLL9sgAFIukXcc="></latexit>

k =

✓
2mE

~2

◆ 1
2

<latexit sha1_base64="cBHzjfCpme3Mht3gI6hclUm765c=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMGiVIQyU0TdCIW6cFnBXqAdSibNtKGZZEgyYindufFV3LhQxK2v4M63MTOdhVZ/CHz85xxOzu9HjCrtOF9WbmFxaXklv1pYW9/Y3LK3d5pKxBKTBhZMyLaPFGGUk4ammpF2JAkKfUZa/qiW1Ft3RCoq+K0eR8QL0YDTgGKkjdWz97uRovDoEtawUKXR/TE8gfRKUZ5yoWcXnbKTCv4FN4MiyFTv2Z/dvsBxSLjGDCnVcZ1IexMkNcWMTAvdWJEI4REakI5BjkKivEl6xxQeGqcPAyHN4xqm7s+JCQqVGoe+6QyRHqr5WmL+V+vEOrjwJpRHsSYczxYFMYNawCQU2KeSYM3GBhCW1PwV4iGSCGsTXRKCO3/yX2hWyu5ZuXJzWqyWsjjyYA8cgBJwwTmogmtQBw2AwQN4Ai/g1Xq0nq03633WmrOymV3wS9bHN6lqlos=</latexit>

 = Ccos(kx) + iDsin(kx)

<latexit sha1_base64="hzJ7buds9kqbYx2mU1LZt3UKuc0="></latexit>

p =
~
i

d 

dx
and if  = Ccos(kx)

=
~
i

d

dx
Ccos(kx)

=
~
i
Cksin(kx)

= �~Cksin(kx)

6= �~k 

<latexit sha1_base64="Q/xTITiP2Gw0VZg/7bSlBAxdiJA="></latexit>

cos(x) =
e+ix + e�ix

2
therefore Ccos(kx) = C(

1

2
e+ikx +

1

2
e�ikx)

 
Figure 2 incoming (blue) and outgoing (red) waves 

interfering to give the (black) "standing: wave 
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• can the sin and cos functional forms be solutions to the Schrodinger equation if they are 
not eigenfunctions of the momentum operator? 
o yes they can ... because they are eigenfunctions of H 
o they are also eigenfunctions of  
o they are just not eigenfunctions of p 
 

In Reality? 

• this example (of the free electron) is very unrealistic 
o  we could not actually have a particle that had no interaction with any other particle  
o how would we form a wave with momentum in two directions?  This would require two 

originating points, or reflection on a surface, both of which imply interactions with the 
environment 

o there are additional mathematical complications, for example we cannot integrate y*y 
with respect to x (this goes to ∞) and if x can go to  ±∞ then it turns out A or B are 
zero! 

 

Wavepackets 

• we have considered creating a wave of specific defined energy, and undefined position 

   

• if we allow the energy to be imprecise and therefor the momentum to be imprecise then the 
position becomes better defined 

• the energy is mode imprecise by adding together waves of different momentum, Figure 3 
• the wavefunction becomes a superposition of waves called a wavepacket 

• as the number of waves with different momentum 
increases (ie the momentum becomes less well 
defined) the position of the wavepacket becomes 
better defined 

• as an indication of what is happening, I made 
function that is a sum of cos curves in a graphing 
package, Figure 3 
o Figure 4 shows the linear combination of 4 

functions with the k values indicated 
 

(a) 

  
k=1                  k=0.1 

 

  
k=0.5                  k=3 

(b) 

 

 
 

Figure 4 forming a wavepacket 

 
 
 

<latexit sha1_base64="M8J/nvZM/MOw/xXvqpCB+YX6S/s=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSJUFyXJQl0W3LisYB/QxjKZ3KRDJ5MwMxFK6De48VfcuFDErSt3/o3TNoi2Hhg4nHPvnXuPnzIqlW1/GaWV1bX1jfJmZWt7Z3fP3D9oyyQTBFokYYno+lgCoxxaiioG3VQAjn0GHX90NfU79yAkTfitGqfgxTjiNKQEKy0NzNO+DxHleYTVEMTZpNIfYpWnk7vc1Rx48OMMzKpdt2ewlolTkCoq0ByYn/0gIVkMXBGGpew5dqq8HAtFCQM9PZOQYjLCEfQ05TgG6eWzkybWiVYCK0yEflxZM/V3R45jKcexrytjvaBc9Kbif14vU+Gll1OeZgo4mX8UZsxSiTXNxwqoAKLYWBNMBNW7WmSIBSZKp1jRITiLJy+Ttlt3zuvujVtt1Io4yugIHaMactAFaqBr1EQtRNADekIv6NV4NJ6NN+N9Xloyip5D9AfGxzedfZ37</latexit>

p̂2

<latexit sha1_base64="1FzYSh7tPQ+GfAOtVchmdGfzyYU=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQqFYkiLqRqi6cVnBXqCNZTI9bYdOJmFmIpZQN76KGxeKuPUt3Pk2TtostPWHgY//nMOZ83sho1LZ9reRWVhcWl7JrubW1jc2t8ztnboMIkGgRgIWiKaHJTDKoaaoYtAMBWDfY9DwhldJvXEPQtKA36pRCK6P+5z2KMFKWx1zrx1Ken4Bd3GRDh/GxUtNRwl1zLxdsiey5sFJIY9SVTvmV7sbkMgHrgjDUrYcO1RujIWihME4144khJgMcR9aGjn2Qbrx5IKxdaidrtULhH5cWRP390SMfSlHvqc7fawGcraWmP/VWpHqnbkx5WGkgJPpol7ELBVYSRxWlwogio00YCKo/qtFBlhgonRoOR2CM3vyPNTLJeekVL45zlcKaRxZtI8OUAE56BRV0DWqohoi6BE9o1f0ZjwZL8a78TFtzRjpzC76I+PzB/XLloE=</latexit>

 = Ae+ikx +Be�ikx

<latexit sha1_base64="rfNScyR3nF2/TG+KHIDUQgG/wa4=">AAACJXicbVDLSsNAFJ3UV62vqks3g0UQFyXJQl0oFERwWcFaoYllMr1ph04mYWYilJCfceOvuHFhEcGVv+KkBvF1YOBwzrncuSdIOFPatt+sytz8wuJSdbm2srq2vlHf3LpWcSopdGjMY3kTEAWcCehopjncJBJIFHDoBuOzwu/egVQsFld6koAfkaFgIaNEG6lfP/ECGDKREc6G4iCvnZ96oSQ080YBkbeZm+eZG+V4XFDseTUPxOAr3K837KY9A/5LnJI0UIl2vz71BjFNIxCacqJUz7ET7WdEakY55DUvVZAQOiZD6BkqSATKz2ZX5njPKAMcxtI8ofFM/T6RkUipSRSYZET0SP32CvE/r5fq8NjPmEhSDYJ+LgpTjnWMi8rwgEmgmk8MIVQy81dMR8S0pE2xRQnO75P/kmu36Rw23Uu30dov66iiHbSL9pGDjlALXaA26iCK7tEjekZT68F6sl6s189oxSpnttEPWO8f9Sykzw==</latexit>

E =
~2
2m

k2

–1

0

1

–1

0

1

–1

0

1

–1

0

1

–1

0

1

function  combine(k1,k2,k3,k4,k5,N, 
        c1,c2,c3,c4,c5 :real); 
var f1,f2,f3,f4,f5 :real; 
begin 
f1:=(1/N)*cos(k1*x); 
f2:=(1/N)*cos(k2*x); 
f3:=(1/N)*cos(k3*x); 
f4:=(1/N)*cos(k4*x); 
f5:=(1/N)*cos(k5*x); 
y:=c1*f1+c2*f2+c3*f3+c4*f4+c5*f5; 
end; 

Figure 3 plotting program code 
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• when the k values are very close to each other a wavepacket forms, Figure 5 
o Figure 5a is a single cos(kx) wave 
o Figure 5b has contributions from four cos(kx) curves 
o Figure 5c has contributions from five cos(kx) curves 
o Figure 5d has contributions from eight cos(kx) curves 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 
Figure 5 results for different wavepacket sums 

 
•  if an infinite number of different 

momentum states are combined the 
wavepacket becomes infinitely sharp, 
Figure 6 

• Figure 6 image from 
http://gisaxs.com/index.php/Wave_packet, 
downloaded 16 May 2021, CC By-SA 3.0 
licence 

• See the website! a contribution from a 
student Joshya Keegan who has made a 
small javascript simulator, add in the values 
of k that separated by a space. 
o try 1.1 1.2 1.3  
o make the wavepacket "tighter" with a 

better defined position, by spreading out 
the energy, try the following: 

o 1.1 1.2 1.31.4 1.5 1.6 1.7 1.8 1.9 2.0  
o 1.1 1.2 1.31.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1 

2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0 

  

 

 
Figure 6 adding wavefunctions of different 

momentum, left position and right is momentum 

 
Figure 7 wavepacket simulator 
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Problems 

• write the solution wavefunction  in the sin and cos form by 
expanding out the exponentials 

 
• write down general expressions for and identify what each equation "tells us" about a 

system 
o P(x) and probability over a region/domain 
o normalisation 
o expectation value 
o eigenvalue  

 
• expand the wavefunction  into the exponential form using 

the expressions below, to determine A and B from   

  
 

• show that the following expression of the wavefunction is also a solution to the 1D free 
electron equation 

 
 

• for the wavefunction  the position is well defined, but the 
momentum is not defined.  Verify that the momentum is not well defined by showing that 
this wavefunction is not an eigenvector of the momentum operator 

 

• what is the probability of finding a particle at x (ie any given position) when  
• what is the expectation value of the position operator for  
• compare and contrast your answers to the two previous questions 
 
• for a free wave where A=B, determine the probability function for finding the particle at 

any position x in space 

 
 

• what is the momentum for a free wave where A=B? 
 

<latexit sha1_base64="1FzYSh7tPQ+GfAOtVchmdGfzyYU=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQqFYkiLqRqi6cVnBXqCNZTI9bYdOJmFmIpZQN76KGxeKuPUt3Pk2TtostPWHgY//nMOZ83sho1LZ9reRWVhcWl7JrubW1jc2t8ztnboMIkGgRgIWiKaHJTDKoaaoYtAMBWDfY9DwhldJvXEPQtKA36pRCK6P+5z2KMFKWx1zrx1Ken4Bd3GRDh/GxUtNRwl1zLxdsiey5sFJIY9SVTvmV7sbkMgHrgjDUrYcO1RujIWihME4144khJgMcR9aGjn2Qbrx5IKxdaidrtULhH5cWRP390SMfSlHvqc7fawGcraWmP/VWpHqnbkx5WGkgJPpol7ELBVYSRxWlwogio00YCKo/qtFBlhgonRoOR2CM3vyPNTLJeekVL45zlcKaRxZtI8OUAE56BRV0DWqohoi6BE9o1f0ZjwZL8a78TFtzRjpzC76I+PzB/XLloE=</latexit>

 = Ae+ikx +Be�ikx
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 = Ccos(kx) + iDsin(kx)
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 = Ae+ikx +Be�ikx
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cos(x) =
e+ix + e�ix

2
and sin(x) =

e+ix � e�ix

2i
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 = Ccos(kx) + iDsin(kx)
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 = Aeikx +Ae�ikx
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