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Maths Preparation for CHEM203  
 
For this course you will need to be able to differentiate and integrate, and you will also need to know 
something about complex numbers.  All of you will have taken a maths course, but with the variety of 
courses available you may not have covered all the key principles required.  You will want to fill in any gaps 
before the course starts. 
 
Very good resources are 1st year engineering text books.  The one available in the library is Engineering 
Mathematics: a Foundation for Electronic, Electrical, Communications and Systems Engineers, 4th edition 
or later, by Anthony Croft, Robert Davison, Martin Hargreaves and James Flint, Pearson, 2012.  
Don't be put off by the title this is a good resource.  There is an e-version available for the 5th edition!  
 
Recommended reading from this textbook is as follows.  If you are feeling good you can cover the whole 
chapter in each case (but you don't need it all), however if you are interested in the bare minimum, you 
should know the following: 

• Chapter 9: Complex Numbers  
o read 9.1, 9.4, 9.5, 9.7 no exercises required 

• Chapter 10 & 11: Differentiation 
o understanding and basics 10.1-10.7, exercises 10.7 (1) 
o product rule, chain rule 11.1, 11.2, exercises 11.2(1)&(3) 

• Chapter 13 & 14: Integration 
o understanding and basics 13.1, 13.2 read 13.3, exercises 13.2(1)(2)&(3) 
o by parts, and by substitution 14.1, 14.2, 14.3, exercises 14.2(1) and 14.3(1) 

• Chapter 19: Ordinary differential equations, specifically section 19.5 
• Chapter 25: Functions of several variables, specifically 15.1-25.3 covering partial derivatives 

 
You can test yourself, you should feel able to differentiate the following: 
basic: 

   
 

the product rule: 

   
 

the chain rule: 

    
 
You can test yourself, you should feel able to integrate the following: 
basic: 

   
 

linear operator: 

    
trigonometric functions: 

  
  

definite integrals: 

   
 

integration by parts, integration by substitution: 

    
Answers at the end of this document  
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sin2(x)dx

<latexit sha1_base64="UgkQ2EagTtk5WUKoDZbTJ2F1LJc=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuJCSlKIuC25cVrAXaGOYTCbt0MkkzEykZQj4Km5cKOLW53Dn2zhpu9DWHwY+/nMO58wfpIxK5Tjf1srq2vrGZmmrvL2zu7dvHxy2ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBOMbop655EISRN+ryYp8WI04DSiGClj+fZxn3L1oGu5r51cjwvKw7FvV5yqMxVcBncOFTBX07e/+mGCs5hwhRmSsuc6qfI0EopiRvJyP5MkRXiEBqRnkKOYSE9Pz8/hmXFCGCXCPK7g1P09oVEs5SQOTGeM1FAu1grzv1ovU9G1pylPM0U4ni2KMgZVAossYEgFwYpNDCAsqLkV4iESCCuTWNmE4C5+eRnatap7Wa3f1SuNi3kcJXACTsE5cMEVaIBb0AQtgIEGz+AVvFlP1ov1bn3MWles+cwR+CPr8wfOa5X6</latexit>Z 2

0
x2dx

<latexit sha1_base64="wmDxRudBfr11bRXxACPaJZQESJM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBhZREirosuHFZwT6giWEymbRDJ5MwcyMtMQt/xY0LRdz6G+78G6ePhbYeuHA4517uvSdIOVNg29/G0vLK6tp6aaO8ubW9s2vu7bdUkklCmyThiewEWFHOBG0CA047qaQ4DjhtB4Prsd9+oFKxRNzBKKVejHuCRYxg0JJvHrpMwH3upqzwc7vIFRPDIhz6ZsWu2hNYi8SZkQqaoeGbX26YkCymAgjHSnUdOwUvxxIY4bQou5miKSYD3KNdTQWOqfLyyf2FdaKV0IoSqUuANVF/T+Q4VmoUB7ozxtBX895Y/M/rZhBdeTkTaQZUkOmiKOMWJNY4DCtkkhLgI00wkUzfapE+lpiAjqysQ3DmX14krfOqc1Gt3dYq9bNZHCV0hI7RKXLQJaqjG9RATUTQI3pGr+jNeDJejHfjY9q6ZMxmDtAfGJ8/KiOWyQ==</latexit>Z ⇡

0
sinxdx

<latexit sha1_base64="wpuWZaqgyg6rihZMrdKj90mQSa0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCy2JFHVZcOOygn1Am4bJZNIOnUzCzERaxiz8FTcuFHHrb7jzb5w+Ftp64MLhnHu5954gZVQqx/m2lpZXVtfWCxvFza3tnV17b78hk0xgUscJS0QrQJIwykldUcVIKxUExQEjzWBwM/abD0RImvB7NUqJF6MepxHFSBnJtw87lCtfn7t5V7u5Jl09zPNw6Nslp+xMABeJOyMlMEPNt786YYKzmHCFGZKy7Tqp8jQSimJG8mInkyRFeIB6pG0oRzGRnp7cn8MTo4QwSoQpruBE/T2hUSzlKA5MZ4xUX857Y/E/r52p6NrTlKeZIhxPF0UZgyqB4zBgSAXBio0MQVhQcyvEfSQQViayognBnX95kTQuyu5luXJXKVXPZnEUwBE4BqfABVegCm5BDdQBBo/gGbyCN+vJerHerY9p65I1mzkAf2B9/gCK3JZk</latexit>Z 1

�1
exdx

<latexit sha1_base64="nqsOqeLHkljih42WLDr/+72hjBQ=">AAAB+HicbVBNS8NAEN34WetHox69LBahgpREinosePFYwX5AG8pms2mXbjZhdyKtob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zM8xPBNTjOt7W2vrG5tV3YKe7u7R+U7MOjlo5TRVmTxiJWHZ9oJrhkTeAgWCdRjES+YG1/dDvz249MaR7LB5gkzIvIQPKQUwJG6tulHpeQjTWXlfH5NBj37bJTdebAq8TNSRnlaPTtr14Q0zRiEqggWnddJwEvIwo4FWxa7KWaJYSOyIB1DZUkYtrL5odP8ZlRAhzGypQEPFd/T2Qk0noS+aYzIjDUy95M/M/rphDeeBmXSQpM0sWiMBUYYjxLAQdcMQpiYgihiptbMR0SRSiYrIomBHf55VXSuqy6V9Xafa1cv8jjKKATdIoqyEXXqI7uUAM1EUUpekav6M16sl6sd+tj0bpm5TPH6A+szx/2XJM6</latexit>Z
xsin(x)dx

<latexit sha1_base64="SZuqtDTPJu704rxDJ1EL4LOFTlM=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBg5REinosePFYwX5Am5bNZtIu3WzC7kZbQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVSUSApNGvFIdjyigDMBTc00h04sgYQeh7Y3vp357UeQikXiQU9jcEMyFCxglGgj9XtM6HQC/XSSZf5kUK7YVXsOvEqcnFRQjsag/NXzI5qEIDTlRKmuY8faTYnUjHLISr1EQUzomAyha6ggISg3nV+d4TOj+DiIpCmh8Vz9PZGSUKlp6JnOkOiRWvZm4n9eN9HBjZsyEScaBF0sChKOdYRnEWCfSaCaTw0hVDJzK6YjIgnVJqiSCcFZfnmVtC6rzlW1dl+r1C/yOIroBJ2ic+Sga1RHd6iBmogiiZ7RK3qznqwX6936WLQWrHzmGP2B9fkDhhaTHw==</latexit>Z
xexdx

<latexit sha1_base64="FgUYJJ9jxxX4qQcPMtbMoEFFQBM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCRSlJLdZlwY3LCvYBbSyTyaQOnUzCzERaQ/BX3LhQxK3/4c6/cdpmoa0HLhzOuZd773EjRqWyrG8jt7S8srqWXy9sbG5t75i7ey0ZxgKTJg5ZKDoukoRRTpqKKkY6kSAocBlpu8Orid9+IELSkN+qcUScAA049SlGSkt986BHuUpK56NT++QuqZRraeqN+mbRKltTwEViZ6QIMjT65lfPC3EcEK4wQ1J2bStSToKEopiRtNCLJYkQHqIB6WrKUUCkk0yvT+GxVjzoh0IXV3Cq/p5IUCDlOHB1Z4DUvZz3JuJ/XjdW/qWTUB7FinA8W+THDKoQTqKAHhUEKzbWBGFB9a0Q3yOBsNKBFXQI9vzLi6RVKdsX5epNtVg/y+LIg0NwBErABjVQB9egAZoAg0fwDF7Bm/FkvBjvxsesNWdkM/vgD4zPH96ilCY=</latexit>Z
(3x+ 1)2.7dx

<latexit sha1_base64="hCMH63V33b6uw2BTGT+/WpqTT84=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgVtCRa1GXBjcsK9gFNLJPJpB06mYSZibQMWbjxV9y4UMStH+HOv3HaZqGtBy4czrmXe+/xE0qEtO1vY2l5ZXVtvbBR3Nza3tk19/ZbIk45wk0U05h3fCgwJQw3JZEUdxKOYeRT3PaH1xO//YC5IDG7k+MEexHsMxISBKWWembJJUyqinM6Or5XbsghUk6mzrMsC0Y9s2xX7SmsReLkpAxyNHrmlxvEKI0wk4hCIbqOnUhPQS4JojgruqnACURD2MddTRmMsPDU9InMOtJKYIUx18WkNVV/TygYCTGOfN0ZQTkQ895E/M/rpjK88hRhSSoxQ7NFYUotGVuTRKyAcIwkHWsCESf6VgsNoE5C6tyKOgRn/uVF0jqrOhfV2m2tXD/J4yiAEjgEFeCAS1AHN6ABmgCBR/AMXsGb8WS8GO/Gx6x1ychnDsAfGJ8/dt+X8A==</latexit>Z
(1� x)

1
3 dx
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Complex Numbers 

• the square root of a negative number was discovered as a problem in the 16th century 
o as a result the square root of 1 was introduced as i=  

• complex numbers were developed to simplify equations  
o  the complex value is written  
o where x and y are real numbers and z is a complex 

number 
o x is the "real" part and iy is the "imaginary" part 

• complex numbers are represented on an Argand diagram 
o the y-axis is the imaginary axis and the x-axis is the real 

axis 

• addition/subtraction 

 
• multiplication 

 
o division is more complicated and we won't be needing it 

• we define z* as the complex conjugate of z 

  
o a nice relationship is 

 

Practice Activity 1 

• evaluate the following 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Answers at the end of this document   

<latexit sha1_base64="lB/Tgbrgs48eI8Fec2r5Syw1gWs="></latexit>p
�1

<latexit sha1_base64="dRD8CMfxpoOKpuOkEtNrJJjGnQI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIJTdIupFKHjxWMF+QLuUbJptY7PJkmTFuvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGF1P/dYDVZpJcWfGMfUjPBAsZAQbKzWfrh5P2bhXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNKsV77xSvT0r1cpZHHk4gmMogwcXUIMbqEMDCNzDM7zCmyOdF+fd+Zi35pxs5hD+wPn8AUwCjt8=</latexit>

z = x+ iy

<latexit sha1_base64="bNr4oO7itigTfsDHUQmVTj8FTUI="></latexit>

z1 = x1 + iy1 and z2 = x2 + iy2

z1 + z2 = (x1 + x2) + i(y1 + y2)

z1 � z2 = (x1 � x2) + i(y1 � y2)

<latexit sha1_base64="mdXhi38hoLNzYXKP4/ZFKoUexvA="></latexit>

z1z2 = (x1 + iy1)(x2 + iy2)

= x1x2 + i(x1y2 + y1x2) + i2y1y2

i2 = �1

= (x1x2 � y1y2) + i(x1y2 + y1x2)

<latexit sha1_base64="CLHkw1x1zzi/zFx4YRgwKrHQNak=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GSxCUSxJEXVTKLhxWcE+oIllMp3WoZNJmJlI01D8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nv8iFGpbPvbyC0tr6yu5dfNjc2t7R1rd68hw1hgUschC0XLR5IwykldUcVIKxIEBT4jTX9wPfGbj0RIGvI7lUTEC1Cf0x7FSGmpYx2MKsNTmkDXNUf36cm4MjyjSccq2CV7CrhInIwUQIZax/pyuyGOA8IVZkjKtmNHykuRUBQzMjbdWJII4QHqk7amHAVEeun0+jE81koX9kKhiys4VX9PpCiQMgl83Rkg9SDnvYn4n9eOVe/KSymPYkU4ni3qxQyqEE6igF0qCFYs0QRhQfWtED8ggbDSgZk6BGf+5UXSKJeci1L59rxQLWZx5MEhOAJF4IBLUAU3oAbqAIMReAav4M14Ml6Md+Nj1pozspl98AfG5w8H1ZQ8</latexit>

z = x+ iy

z⇤ = x� iy

<latexit sha1_base64="S8vcTqxrUwhZUR9c9B+dgsGV/L0="></latexit>

zz⇤ = (x+ iy)(x� iy)

= (x2 + y2) + i(xy � yx)

= x2 + y2

<latexit sha1_base64="2weu7o5gpoWMWBOWGZWC+Mk5kr8=">AAACGXicbVDLSsNAFJ3Ud3xVXboZLEJqsSQVH8uCG5cVrApNKJPpbR07mYSZiVBCf8ONv+LGhSIudeXfOK0RtPXAwOGcc7lzT5hwprTrflqFmdm5+YXFJXt5ZXVtvbixeaniVFJo0pjH8jokCjgT0NRMc7hOJJAo5HAV9k9H/tUdSMVicaEHCQQR6QnWZZRoI7WLrh9Cj4mMcNYTe0PbOaywg7JT22flfeegclvGvm/7IDo/iXax5FbdMfA08XJSQjka7eK734lpGoHQlBOlWp6b6CAjUjPKYWj7qYKE0D7pQctQQSJQQTa+bIh3jdLB3ViaJzQeq78nMhIpNYhCk4yIvlGT3kj8z2ulunsSZEwkqQZBvxd1U451jEc14Q6TQDUfGEKoZOavmN4QSag2ZdqmBG/y5GlyWat6R9Xaea1Ud/I6FtE22kEO8tAxqqMz1EBNRNE9ekTP6MV6sJ6sV+vtO1qw8pkt9AfWxxdrSp1c</latexit>

(5 + i3)(2� i)� (3 + j)

 
Figure 1 Argand diagram 

x

y
r

Im(z)

Re(z)

<latexit sha1_base64="dRD8CMfxpoOKpuOkEtNrJJjGnQI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIJTdIupFKHjxWMF+QLuUbJptY7PJkmTFuvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGF1P/dYDVZpJcWfGMfUjPBAsZAQbKzWfrh5P2bhXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNKsV77xSvT0r1cpZHHk4gmMogwcXUIMbqEMDCNzDM7zCmyOdF+fd+Zi35pxs5hD+wPn8AUwCjt8=</latexit>

z = x+ iy

θ
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• we can write complex number in cylindrical coordinates  
o r is the absolute value (magnitude or distance) of z, r=|z|, ie without the direction 
o using the Argand diagram 

 

 
o this gives us new way to form the product 

 
• very important for us is Euler's formula  

 
o which allows us to write the complex number in an exponential form 

 
o the complex conjugate then becomes  

Practice Activity 2 

• rearrange  and  to write an expression for cosq and sinq  
 
 
 
 
 
 
 
 
 

Answers at the end of this document 
 
 
 

<latexit sha1_base64="Wy833qLUYdSda1vZHdUrGuE1Wu8="></latexit>

sin✓ =
y

r
y = rsin✓

cos✓ =
x

r
x = rcos✓

<latexit sha1_base64="Aej2i+SO8DmIuWt3e++r8a6u9c8="></latexit>

z = x+ iy = rcos✓ + irsin✓

= r(cos✓ + isin✓)

<latexit sha1_base64="zA7bPkpTXuwSPVHXDhUP2Vp9z+s="></latexit>

z1 = r1(cos✓1 + isin✓1)

z2 = r2(cos✓2 + isin✓2)

z1z2 = (r1cos✓1 + ir1isin✓1)(r2cos✓2 + ir2isin✓2)

= r1cos✓1r2cos✓2 + ir1cos✓1r2sin✓2 + ir1sin✓1r2cos✓2 � r1sin✓1r2sin✓2

= r1r2 [cos✓1cos✓2 � sin✓1sin✓2 + icos✓1sin✓2 + isin✓1cos✓2]

using trig idenities

sin(x+ y) = sinxcosy + cosxsiny

and cos(x+ y) = cosxcosy � sinxsiny

z1z2 = r1r2 [cos(✓1 + ✓2) + isin(✓1 + ✓2)]

<latexit sha1_base64="971T50ykHXE9dr5ToDLhJSZlk4k=">AAACK3icbVDLSgMxFM34rPU16tJNsChFocx0oW6EohuXFewDOrVk0ts2NJMZkjtCGfo/bvwVF7rwgVv/w+kD0dYDgZNz7iG5x4+kMOg479bC4tLyympmLbu+sbm1be/sVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0Z+7R60EaG6xUEEzYB1legIzjCVWval50NXqIRJ0VXHwyzcJcLDHiAb0qMLHprJ5UQYoSaUel7WA9X+ibTsnFNwxqDzxJ2SHJmi3LKfvXbI4wAUcsmMabhOhM2EaRRcwjDrxQYixvusC42UKhaAaSbjXYf0MFXatBPq9CikY/V3ImGBMYPATycDhj0z643E/7xGjJ3zZiJUFCMoPnmoE0uKIR0VR9tCA0c5SAnjWqR/pbzHNOOY1jsqwZ1deZ5UiwX3tFC8KeZK+WkdGbJPDkieuOSMlMg1KZMK4eSBPJFX8mY9Wi/Wh/U5GV2wppk98gfW1zc6EKeO</latexit>

ei✓ = cos✓ + isin✓

<latexit sha1_base64="QMJVSDOBSNzHsMJeKoxL4SohH9s="></latexit>

z = r(cos✓ + isin✓)

z = rei✓

z⇤ = re�i✓

<latexit sha1_base64="971T50ykHXE9dr5ToDLhJSZlk4k=">AAACK3icbVDLSgMxFM34rPU16tJNsChFocx0oW6EohuXFewDOrVk0ts2NJMZkjtCGfo/bvwVF7rwgVv/w+kD0dYDgZNz7iG5x4+kMOg479bC4tLyympmLbu+sbm1be/sVk0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeb3r0Z+7R60EaG6xUEEzYB1legIzjCVWval50NXqIRJ0VXHwyzcJcLDHiAb0qMLHprJ5UQYoSaUel7WA9X+ibTsnFNwxqDzxJ2SHJmi3LKfvXbI4wAUcsmMabhOhM2EaRRcwjDrxQYixvusC42UKhaAaSbjXYf0MFXatBPq9CikY/V3ImGBMYPATycDhj0z643E/7xGjJ3zZiJUFCMoPnmoE0uKIR0VR9tCA0c5SAnjWqR/pbzHNOOY1jsqwZ1deZ5UiwX3tFC8KeZK+WkdGbJPDkieuOSMlMg1KZMK4eSBPJFX8mY9Wi/Wh/U5GV2wppk98gfW1zc6EKeO</latexit>

ei✓ = cos✓ + isin✓
<latexit sha1_base64="ZFkdQV/QKd4kT04gCn2bcGZJf9Y=">AAACLHicbVDLSgMxFM3UV62vqks3waIUoWWmC3UjFLpxWcE+oFNLJr1tQzOZIbkjlKEf5MZfEcSFRdz6HU4fiLYeCJyccw/JPV4ohUHbnliptfWNza30dmZnd2//IHt4VDdBpDnUeCAD3fSYASkU1FCghGaogfmehIY3rEz9xiNoIwJ1j6MQ2j7rK9ETnGEidbIV14O+UDGToq8uxhl4iAvCxQEgG9PzGx6Y+aUgjFBzSl0344Lq/mQ62ZxdtGegq8RZkBxZoNrJvrrdgEc+KOSSGdNy7BDbMdMouIRxxo0MhIwPWR9aCVXMB9OOZ8uO6VmidGkv0MlRSGfq70TMfGNGvpdM+gwHZtmbiv95rQh71+1YqDBCUHz+UC+SFAM6bY52hQaOcpQQxrVI/kr5gGnGMel3WoKzvPIqqZeKzmWxdFfKlfOLOtLkhJySPHHIFSmTW1IlNcLJE3kh72RiPVtv1of1OR9NWYvMMfkD6+sbtk2nxw==</latexit>

e�i✓ = cos✓ � isin✓
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The Gaussian and Odd functions 

• a gaussian is a common function in QM 

 
• the integral of a gaussian is non-trivial (look it up on the internet if you like!) 

 
 

 
Figure 1: gaussian function 

 
Figure 2: an odd function 

 

• however in some cases there are easier ways to determine an integral using the "even" and "odd" nature of 
functions 

• defining even and odd functions 
o an even function is symmetric with respect to reflection in the x-axis 
o f(x)=f(-x), the gaussian above is an even function  
o an odd function is symmetric with respect to rotation around the origin 
o -f(x)=f(-x), the function y=x3 is odd 

• integration 
o even functions will have a positive integral 
o odd functions always have zero integrals (on an even integration range) because the positive and 

negative parts cancel out 
o thus any even function multiplied by an odd function will integrate to zero! 
o below is shown the product of y=x and a gaussian, the positive and negative parts of the integral (area 

under the curve) cancel giving a zero integral  
 

 
Figure 3: product of even and odd functions 

<latexit sha1_base64="zJFRkNJytUPjmiJdKgkV6JwLmRc=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL0YklKUS9CwYvHCvYD2rRstpN26WYTdzfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPC/iTGnb/rbW1jc2t7ZzO/ndvf2Dw8LRcVOFsaTQoCEPZdsjCjgT0NBMc2hHEkjgcWh549uZ35qAVCwUDzqJwA3IUDCfUaKN5CY30EsvyFMvrUyn/ULRLttz4FXiZKSIMtT7ha/uIKRxAEJTTpTqOHak3ZRIzSiHab4bK4gIHZMhdAwVJADlpvOjp/jcKAPsh9KU0Hiu/p5ISaBUEnimMyB6pJa9mfif14m1f+2mTESxBkEXi/yYYx3iWQJ4wCRQzRNDCJXM3IrpiEhCtckpb0Jwll9eJc1K2bksV++rxVopiyOHTtEZKiEHXaEaukN11EAUPaJn9IrerIn1Yr1bH4vWNSubOUF/YH3+AJaykeo=</latexit>

y = e�ax2

<latexit sha1_base64="vFKDkN+pyZTKYOClcdmHJdFtwZs="></latexit>Z 1

1
e�ax2

dx =

r
⇡

a
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Differential equations 
• you are familiar with the equations for a line and for a quadratic 

 
• another group of equations can be written for derivatives 

 
o f is a function of multiple variables (x,y,z) 
o the coefficients can be constants or functions 
o linear equations have no terms raised to a power or exponential/log components 
o this is a linear partial differential equation 

• remember  
o for a 1D equation the total derivative is given by "d" df/dx 
o for a function dependent on more than one variable we use a partial derivative "∂" where df is the total 

derivative of f 

 
• however the solutions to differential equations are very different to the solutions to algebraic equations 

(line or quadratic) 
• starting with a simple example of an ordinary differential equation (just a straight derivative of an equation 

f(x) and not a partial derivative) 

 
o in an algebraic equation we would solve for x a variable, in a differential equation we solve for f a 

function 
o solving differential equations can be difficult (there are whole math courses on just this topic) 
o however the general form of the solution for linear differential equations is known, this is normally 

expressed in terms of exponentials 
o in this course I will give you the solutions, however if you are interested to know more check out the 

various maths texts suggested earlier 
 

differentials: 
simple differentiation: 

  

   

  

 

 
 

 
 

 
 

 

<latexit sha1_base64="sqV6nz6Ds0+B6hpLIZ2WQTIEetU=">AAACCnicbVDLSsNAFJ34rPEVdelmtAiFQkmKqJtCwY3LCvYBbSyT6aQdOpOEmYk0hKzd+CtuXCji1i9w5984bbPQ1gMXDufcy733eBGjUtn2t7Gyura+sVnYMrd3dvf2rYPDlgxjgUkThywUHQ9JwmhAmooqRjqRIIh7jLS98fXUbz8QIWkY3KkkIi5Hw4D6FCOlpb51ktT4pIxhbyQjhEnqYJ6ZSQ1N7tNqVva01beKdsWeAS4TJydFkKPRt756gxDHnAQKMyRl17Ej5aZIKIoZycxeLIneNUZD0tU0QJxIN529ksEzrQygHwpdgYIz9fdEiriUCfd0J0dqJBe9qfif142Vf+WmNIhiRQI8X+THDKoQTnOBAyoIVizRBGFB9a0Qj5BAWOn0TB2Cs/jyMmlVK85FpXp7XqyX8jgK4BicghJwwCWogxvQAE2AwSN4Bq/gzXgyXox342PeumLkM0fgD4zPH9yimag=</latexit>

y = mx+ c y = ax2 + bx+ c

<latexit sha1_base64="TVzZ6CSDrb2FHkH3k+p9J1RqUMs=">AAACMnicbVBdS8MwFE39nPOr6qMvwSEMBqMdor4IA1/0bYL7gLWONEu3sDQtSSqO0t/ki79E8EEfFPHVH2G6FXGbBwIn5557k3u8iFGpLOvVWFpeWV1bL2wUN7e2d3bNvf2WDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3RZVZv3xMhachv1TgiboAGnPoUI6WlnnmNHF8gnDgREooidpfUUj/9vcKHTEgr3qwLzljSCvYvrJ5ZsqrWBHCR2DkpgRyNnvns9EMcB4QrzJCUXduKlJtkUzEjadGJJYkQHqEB6WrKUUCkm0xWTuGxVvrQD4U+XMGJ+rcjQYGU48DTzgCpoZyvZeJ/tW6s/HM3oTyKFeF4+pAfM6hCmOUH+1QQrNhYE4QF1X+FeIh0OEqnXNQh2PMrL5JWrWqfVms3J6V6OY+jAA7BESgDG5yBOrgCDdAEGDyCF/AOPown4834NL6m1iUj7zkAMzC+fwBSJ6vh</latexit>

a
@2f

@x2
+ b

@f

@x
+ cf = 0

<latexit sha1_base64="EFV7PNdf0yh4BrIo14552GiVb3s="></latexit>

df(x, y) =
@f

@x
dx+

@f

@y
dy

<latexit sha1_base64="z8Qy7y0A5Ue+qnBsZJ95cvDTEUA=">AAACEXicbZDLSsNAFIZP6q3WW9Slm8EiFISSFFE3QsGNywr2Am0tk8mkHTq5MDORlpBXcOOruHGhiFt37nwbJ20W2vrDwM93zuHM+Z2IM6ks69sorKyurW8UN0tb2zu7e+b+QUuGsSC0SUIeio6DJeUsoE3FFKedSFDsO5y2nfF1Vm8/UCFZGNypaUT7Ph4GzGMEK40GZgX3PIFJ4t4ntdRLExdNMpeeOjnP2CS9sgZm2apaM6FlY+emDLkaA/Or54Yk9mmgCMdSdm0rUv0EC8UIp2mpF0saYTLGQ9rVNsA+lf1kdlGKTjRxkRcK/QKFZvT3RIJ9Kae+ozt9rEZysZbB/2rdWHmX/YQFUaxoQOaLvJgjFaIsHuQyQYniU20wEUz/FZER1kkoHWJJh2AvnrxsWrWqfV6t3Z6V65U8jiIcwTFUwIYLqMMNNKAJBB7hGV7hzXgyXox342PeWjDymUP4I+PzBzgHnc8=</latexit>

a
d2f

dx2
+ b

df

dx
= 0

<latexit sha1_base64="B4EiQ6yPY7JdsDm03XV1wzz9Nk4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSJ0Y0mkqBuh4MZlBfuAtpbJZNIOnTyYmUhLyMKNv+LGhSJu/Qh3/o2TNgttPXC5h3PuZeYeJ+JMKsv6NlZW19Y3Ngtbxe2d3b198+CwJcNYENokIQ9Fx8GSchbQpmKK004kKPYdTtvO+Drz2w9USBYGd2oa0b6PhwHzGMFKSwOz1PMEJombJi6apJP7BKdXOGundjowy1bVmgEtEzsnZcjRGJhfPTcksU8DRTiWsmtbkeonWChGOE2LvVjSCJMxHtKupgH2qewnsyNSdKIVF3mh0BUoNFN/byTYl3LqO3rSx2okF71M/M/rxsq77CcsiGJFAzJ/yIs5UiHKEkEuE5QoPtUEE8H0XxEZYZ2K0rkVdQj24snLpHVWtc+rtdtauV7J4yhACY6hAjZcQB1uoAFNIPAIz/AKb8aT8WK8Gx/z0RUj3zmCPzA+fwATZ5hK</latexit>

d

dx
xa = axa�1

<latexit sha1_base64="bP3+bkPsobOUd737ER1amrXayTU=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQVUlE1E2h4MZlBfuAtpbJZNIOnUzCzI20hHyBG3/FjQtF3Lp25984fSy09cCFwzn3cu89Xiy4Bsf5tnJr6xubW/ntws7u3v6BfXjU1FGiKGvQSESq7RHNBJesARwEa8eKkdATrOWNrqd+64EpzSN5B5OY9UIykDzglICR+napGyhCUz9LfTzORlUHd4GNIcVE+jjD4/vUyapu3y46FWcGvErcBSmiBep9+6vrRzQJmQQqiNYd14mhlxIFnAqWFbqJZjGhIzJgHUMlCZnupbN3Mlwyio+DSJmSgGfq74mUhFpPQs90hgSGetmbiv95nQSCq17KZZwAk3S+KEgEhghPs8E+V4yCmBhCqOLmVkyHxOQDJsGCCcFdfnmVNM8q7kXl/Pa8WCsv4sijE3SKyshFl6iGblAdNRBFj+gZvaI368l6sd6tj3lrzlrMHKM/sD5/ABEzm2Q=</latexit>

d

dx
k = 0 and x0 = 1

<latexit sha1_base64="G9MLn78Bnx9JoBaIeeAXZDYjf+M=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEi1IVlRoq6EQpuXFawF2iHkslk2tBMMiQZaRm6c+OruHGhiFtfwZ1vY6adhVZ/CHz85xxOzu/HjCrtOF9WYWl5ZXWtuF7a2Nza3rF391pKJBKTJhZMyI6PFGGUk6ammpFOLAmKfEba/ug6q7fviVRU8Ds9iYkXoQGnIcVIG6tvH/ZCiXAaTNMAjqdYqAoan1ydIkV5Rn277FSdmeBfcHMog1yNvv3ZCwROIsI1ZkipruvE2kuR1BQzMi31EkVihEdoQLoGOYqI8tLZHVN4bJwAhkKaxzWcuT8nUhQpNYl80xkhPVSLtcz8r9ZNdHjppZTHiSYczxeFCYNawCwUGFBJsGYTAwhLav4K8RCZYLSJrmRCcBdP/guts6p7Xq3d1sr1Sh5HERyAI1ABLrgAdXADGqAJMHgAT+AFvFqP1rP1Zr3PWwtWPrMPfsn6+AYcMJi8</latexit>

d

dx
cos(ax) = �asin(ax)

<latexit sha1_base64="wTqF+ytz7/lamlCRmEDCeiPLkM4=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1E2ZkaJuhIIblxXsBdqhZDKZNjSTDElGWoau3Pgqblwo4tZncOfbmGlnoa0/BD7+cw4n5/djRpV2nG+rsLK6tr5R3Cxtbe/s7tn7By0lEolJEwsmZMdHijDKSVNTzUgnlgRFPiNtf3ST1dsPRCoq+L2exMSL0IDTkGKkjdW3j3uhRDgNpmkAx1NFeQWNz64RFiqDvl12qs5McBncHMogV6Nvf/UCgZOIcI0ZUqrrOrH2UiQ1xYxMS71EkRjhERqQrkGOIqK8dHbGFJ4aJ4ChkOZxDWfu74kURUpNIt90RkgP1WItM/+rdRMdXnkp5XGiCcfzRWHCoBYwywQGVBKs2cQAwpKav0I8RCYXbZIrmRDcxZOXoXVedS+qtbtauV7J4yiCI3ACKsAFl6AObkEDNAEGj+AZvII368l6sd6tj3lrwcpnDsEfWZ8/qYOYhQ==</latexit>

d

dx
sin(ax) = acos(ax)

<latexit sha1_base64="TYxyZ7FoiZr//PZY0Sa/sEUyBrI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovQVUmkqBuh4MZlBfuANpbJ5KYdOnkwM5GWkIUbf8WNC0Xc+hHu/BunbRbaeuByD+fcy8w9bsyZVJb1bRTW1jc2t4rbpZ3dvf0D8/CoLaNEUGjRiEei6xIJnIXQUkxx6MYCSOBy6Ljj65nfeQAhWRTeqWkMTkCGIfMZJUpLA7Pc9wWhqZelHp5kcJ+SSXZFFn1gVqyaNQdeJXZOKihHc2B+9b2IJgGEinIiZc+2YuWkRChGOWSlfiIhJnRMhtDTNCQBSCedH5HhU6142I+ErlDhufp7IyWBlNPA1ZMBUSO57M3E/7xeovxLJ2VhnCgI6eIhP+FYRXiWCPaYAKr4VBNCBdN/xXREdCpK51bSIdjLJ6+S9lnNPq/Vb+uVRjWPo4jK6ARVkY0uUAPdoCZqIYoe0TN6RW/Gk/FivBsfi9GCke8coz8wPn8AtxmYtg==</latexit>

d

dx
eax = aeax

<latexit sha1_base64="Eb1R+sZ06WM94D3az7IdvutLXow=">AAACBXicbVBNS8NAEJ34WetX1KMeFovQU0mkqBeh4MVjBfsBbSmbzaZdutmE3Y20hFy8+Fe8eFDEq//Bm//GbZuDtj4YeLw3w8w8L+ZMacf5tlZW19Y3Ngtbxe2d3b19++CwqaJEEtogEY9k28OKciZoQzPNaTuWFIcepy1vdDP1Ww9UKhaJez2JaS/EA8ECRrA2Ut8+6QYSk9TPUh+NMy7G13PBzdJx1rdLTsWZAS0TNyclyFHv219dPyJJSIUmHCvVcZ1Y91IsNSOcZsVuomiMyQgPaMdQgUOqeunsiwydGcVHQSRNCY1m6u+JFIdKTULPdIZYD9WiNxX/8zqJDq56KRNxoqkg80VBwpGO0DQS5DNJieYTQzCRzNyKyBCbFLQJrmhCcBdfXibN84p7UaneVUu1ch5HAY7hFMrgwiXU4Bbq0AACj/AMr/BmPVkv1rv1MW9dsfKZI/gD6/MHbsqZGg==</latexit>

d

dx
lnx =

1

x

<latexit sha1_base64="d8PuDLJXgWGb2LQKj+p2gVaAKz4=">AAACS3icdVDLSgMxFM1Uq7W+qi7dBIvQjWWmFHUjFNy4rGAf0Kklk8m0oZmHSUZawvyfGzfu/Ak3LhRxYdpOwbZ6IHDuOffeJMeJGBXSNF+NzNp6dmMzt5Xf3tnd2y8cHDZFGHNMGjhkIW87SBBGA9KQVDLSjjhBvsNIyxleT/zWI+GChsGdHEek66N+QD2KkdRSr+DYHkdYuYly4SixxQOXapRcLaijezWrrURVkrk5LbR19o8335X0CkWzbE4BV4mVkiJIUe8VXmw3xLFPAokZEqJjmZHsKsQlxYwkeTsWJEJ4iPqko2mAfCK6appFAk+14kIv5PoEEk7V3xMK+UKMfUd3+kgOxLI3Ef/yOrH0LruKBlEsSYBnF3kxgzKEk2ChSznBko01QZhT/VaIB0inIXX8eR2CtfzlVdKslK3zcvW2WqyV0jhy4BicgBKwwAWogRtQBw2AwRN4Ax/g03g23o0v43vWmjHSmSOwgEz2Bwcottc=</latexit>

d

dx

p
x =

d

dx
x

1
2 =

1

2
x� 1

2 =
1

2
p
x

<latexit sha1_base64="VozsJILPrbh7xSfwTHPVcQIbCIg="></latexit>

d

dx

1

x5
=

d

dx
x�5 = �5x�6 =

�5

x6

<latexit sha1_base64="0OHbN5/tjkX4YLD5/YV4X6us0is="></latexit>

d

dx
2x4 � 2x3 � x2 + 3x+ 2 = 2 · 4x3 � 2 · 3x2 � 2x1 + 3x0 + 0 = 8x3 � 6x2 � 2x+ 3
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product rule: 

  

chain rule: 

 

 

 
 

 
 

 
 

 
 

<latexit sha1_base64="KWnn8MALm0acIr2ZKkdyIJlzXBU="></latexit>

d

dx
(uv) = u

dv

dx
+

du

dx
v

(f · g)0 = f 0g + fg0

<latexit sha1_base64="fXQmetnTa13e2nZsfs8ZXdTgLy4=">AAACEnicbZC7TsMwFIadcivlFmBksahQ06VKUAUsSJVYGItEL1ITVY7jpFadi2wHtYryDCy8CgsDCLEysfE2uG0GaPklS5//c47s87sJo0Ka5rdWWlvf2Nwqb1d2dvf2D/TDo66IU45JB8cs5n0XCcJoRDqSSkb6CScodBnpueObWb33QLigcXQvpwlxQhRE1KcYSWUN9brtc4QzL888OMl9IzAm9fq1X1sAtLEXSxjU1GWoV82GORdcBauAKijUHupfthfjNCSRxAwJMbDMRDoZ4pJiRvKKnQqSIDxGARkojFBIhJPNV8rhmXI86MdcnUjCuft7IkOhENPQVZ0hkiOxXJuZ/9UGqfSvnIxGSSpJhBcP+SmDMoazfKBHOcGSTRUgzKn6K8QjpDKSKsWKCsFaXnkVuucN66LRvGtWW0YRRxmcgFNgAAtcgha4BW3QARg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+kff4AZCSbSw==</latexit>

d

dx
f(g(x)) = f 0(g(x)) · g0(x)

<latexit sha1_base64="tUVv70dYXKAyrCz90BtJd64R9hg="></latexit>

evaluate
@

@x
x2cos(x)

u = x2 @u

@x
= 2x and v = cos(x)

@v

@x
= �sin(x)

@

@x
(uv) = u

@v

@x
+

@u

@x
v

@

@x
x2cosx = x2 ·�sin(x) + 2x · cos(x)

= �x2sin(x) + 2xcos(x)
<latexit sha1_base64="K0IiUR+4hyalBdz1PXBV+gNXBco="></latexit>

evaluate
@

@x
x2ex

u = x2 @u

@x
= 2x and v = ex

@v

@x
= ex

@

@x
(uv) = u

@v

@x
+

@u

@x
v

@

@x
x2ex = x2ex + 2xex

= ex(x2 + 2x)

= exx(x+ 2)
<latexit sha1_base64="e4JwBETPCzCaW77V44/jHKwWyCU="></latexit>

evaluate
@

@x
e�x(sinx+ cosx)

u = e�x @u

@x
= �e�x and v = sinx+ cosx

@v

@x
= cosx� sinx

@

@x
(uv) = u

@v

@x
+

@u

@x
v

@

@x
e�x(sinx+ cosx) = e�x · (cosx� sinx) +�e�x · (sinx+ cosx)

= ⇠⇠⇠⇠⇠:
e�xcosx � e�xsinx� e�xsinx�⇠⇠⇠⇠⇠:

e�xcosx

= �2e�xsinx
<latexit sha1_base64="9lrYdub9bc2YSTpUNPjFgXdMgk4="></latexit>

evaluate
d

dx
(3x3 + 2x2 + 1)5

y = f(g(x))
dy

dx
= f 0(g(x)) · g0(x)

g(x) = 3x3 + 2x2 + 1 g0(x) = 9x2 + 4x

f = g(x)5 f 0 = 5g(x)4

dy

dx
= 5(3x3 + 2x2 + 1)4 · (9x2 + 4x)
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integrals: 

simple integration: 

  

  

  

 

 
 

 
 

 
 

 
 

<latexit sha1_base64="RvYI0lKkqcSiGv5623PzByJ1ics="></latexit>

evaluate
@

@x
sin(2x+ 3)

= cos(2x+ 3) · 2
= 2cos(2x+ 3)

<latexit sha1_base64="hXSHjwtfx345unaGnosgiOd+f5o="></latexit>

evaluate
@

@x
3e�2x

y = f(g(x))
dy

dx
= f 0(g(x)) · g0(x)

g(x) = �2x g0(x) = �2

f = eg(x) f 0 = eg(x)

dy

dx
= 3e�2x ·�2

= �6e�2x

<latexit sha1_base64="o+FlucBclQ5whaEgdPymMBsx7NU="></latexit>

evaluate
@

@x
cos2(3x)

cos2(3x) = (cos(3x))2

y = f(g(x))
dy

dx
= f 0(g(x)) · g0(x)

g(x) = cos(3x) g0(x) = �3sin(3x)

f = g(x)2 f 0 = 2g(x)

dy

dx
= �3sin(3x) · 2cos(3x)

= �6sin(3x)cos(3x)

<latexit sha1_base64="6egKkgu+aLQSiSJcjfeu6zi2IxA="></latexit>Z
xndx =

1

n+ 1
xn+1 + C n 6= 1

<latexit sha1_base64="VqaDc4/YHnYPuwN36aWRWlM4zIw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEglASKepFKPTisYL9gDaUzWbTLt1swu5EWkN/iRcPinj1p3jz37hpc9DWBwOP92aYmefFnCmw7W+jsLG5tb1T3C3t7R8cls2j446KEklom0Q8kj0PK8qZoG1gwGkvlhSHHqddb9LM/O4jlYpF4gFmMXVDPBIsYASDloZmecAEpJO5P72dTC+apaFZsWv2AtY6cXJSQTlaQ/Nr4EckCakAwrFSfceOwU2xBEY4nZcGiaIxJhM8on1NBQ6pctPF4XPrXCu+FURSlwBrof6eSHGo1Cz0dGeIYaxWvUz8z+snENy4KRNxAlSQ5aIg4RZEVpaC5TNJCfCZJphIpm+1yBhLTEBnlYXgrL68TjqXNeeqVr+vVxrVPI4iOkVnqIocdI0a6A61UBsRlKBn9IrejCfjxXg3PpatBSOfOUF/YHz+ACdZkq4=</latexit>Z
kdx = kx+ C

<latexit sha1_base64="QQH7ZFJAR6wYCYOGeaz/4ppKaPg=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQEUoiRd0IhW5cVrAPaEKZTCft0MkkzEykJeQL3Pgrblwo4ta1O//GSZuFth64cDjnXu69x4sYlcqyvo3C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTZqZ330gQtKQ36tZRNwAjTj1KUZKSwOz4lCuEhzKKpqepcPpjeMLhBM7TVAqKc/U82ZpYJatmjUHXCV2TsogR2tgfjnDEMcB4QozJGXftiLlJkgoihlJS04sSYTwBI1IX1OOAiLdZP5OCitaGUI/FLq4gnP190SCAilngac7A6TGctnLxP+8fqz8azehPIoV4XixyI8ZVCHMsoFDKghWbKYJwoLqWyEeI52H0glmIdjLL6+SzkXNvqzV7+rlRjWPowhOwCmoAhtcgQa4BS3QBhg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9gfP4Aab2bmQ==</latexit>Z
cos(ax)dx =

1

a
sin(ax) + C

<latexit sha1_base64="WZLlcqNBPc8uvb+Kw0iODxLmnd8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpiCWRom6EQjcuK9gHNKFMppN2cDIJMxNpCfkDN/6KGxeKuHXrzr9x0mahrQcuHM65l3vv8SJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4943M7zwQIWnI79QkIm6Ahpz6FCOlpb557FCuEkl5BY1P0sH4+szxBcKJnSYoxaHM5NNGqW+Wrao1BVwkdk7KIEezb345gxDHAeEKMyRlz7Yi5SZIKIoZSUtOLEmE8D0akp6mHAVEusn0nxQeaWUA/VDo4gpO1d8TCQqknASe7gyQGsl5LxP/83qx8q/chPIoVoTj2SI/ZlCFMAsHDqggWLGJJggLqm+FeIR0HkpHmIVgz7+8SNrnVfuiWrutleuVPI4iOACHoAJscAnq4AY0QQtg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5A92Hm9A=</latexit>Z
sin(ax)dx = �1

a
cos(ax) + C

<latexit sha1_base64="zXMXz7HmGFXlzTKFZ/JKa7i8avQ=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUUoCCWRom6EQjcuK9gHtLFMJpN26GQSZibSMmTvxl9x40IRt/6AO//GSZuFth64cDjnXu69x4spEdK2v43C2vrG5lZxu7Szu7d/YB4edUSUcITbKKIR73lQYEoYbksiKe7FHMPQo7jrTZqZ333AXJCI3clZjN0QjhgJCIJSS0OzPCBMKnyv4DRN/en1IOAQKSdVMNXiND1rloZmxa7Zc1irxMlJBeRoDc2vgR+hJMRMIgqF6Dt2LF0FuSSI4rQ0SASOIZrAEe5rymCIhavmv6TWqVZ8K4i4Liatufp7QsFQiFno6c4QyrFY9jLxP6+fyODKVYTFicQMLRYFCbVkZGXBWD7hGEk60wQiTvStFhpDnYbU8WUhOMsvr5LOec25qNVv65VGNY+jCE5AGVSBAy5BA9yAFmgDBB7BM3gFb8aT8WK8Gx+L1oKRzxyDPzA+fwC0qZtf</latexit>Z
eaxdx =

1

a
ex + C

<latexit sha1_base64="FsEBeec3qd5J8NRxQKSAgAfMJto=">AAACBXicbVDLSsNAFJ34rPUVdamLwSIUhJJIUTdCoRuXFewDmlAmk0k7dDIJMxNpSbNx46+4caGIW//BnX/jtM1CWw9cOJxzL/fe48WMSmVZ38bK6tr6xmZhq7i9s7u3bx4ctmSUCEyaOGKR6HhIEkY5aSqqGOnEgqDQY6TtDetTv/1AhKQRv1fjmLgh6nMaUIyUlnrmiUO5Sp1AIJzaWTrKMn90w/hkNDmvF3tmyapYM8BlYuekBHI0euaX40c4CQlXmCEpu7YVKzdFQlHMSFZ0EklihIeoT7qachQS6aazLzJ4phUfBpHQxRWcqb8nUhRKOQ493RkiNZCL3lT8z+smKrh2U8rjRBGO54uChEEVwWkk0KeCYMXGmiAsqL4V4gHSiSgd3DQEe/HlZdK6qNiXlepdtVQr53EUwDE4BWVggytQA7egAZoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxifP+ZSmL0=</latexit>Z
1

x
dx = ln|x|+ C

<latexit sha1_base64="sC0BBZ/bi0xYW4QPRmW1daQmyQA=">AAACDHicbVDNSgMxGMzWv1r/qh69BItQEMpuW9SLUOjFYwX7A+1astlsG5rNLklWWpZ9AC++ihcPinj1Abz5NmbbPWjrkMAwMx/JN07IqFSm+W3k1tY3Nrfy24Wd3b39g+LhUUcGkcCkjQMWiJ6DJGGUk7aiipFeKAjyHUa6zqSZ+t0HIiQN+J2ahcT20YhTj2KktDQslgaUq7g2vY+rSeJOrweeQDiuJfporZacN2FBp8yKOQdcJVZGSiBDa1j8GrgBjnzCFWZIyr5lhsqOkVAUM5IUBpEkIcITNCJ9TTnyibTj+TIJPNOKC71A6MsVnKu/J2LkSznzHZ30kRrLZS8V//P6kfKu7JjyMFKE48VDXsSgCmDaDHSpIFixmSYIC6r/CvEY6TqU7i8twVpeeZV0qhXrolK/rZca5ayOPDgBp6AMLHAJGuAGtEAbYPAInsEreDOejBfj3fhYRHNGNnMM/sD4/AHp5JrK</latexit>Z
3x2dx =

3

3
x3 + C

<latexit sha1_base64="mKClXY7dLdtv/vy00JTAWSoTx54=">AAACEHicbZDLSsNAFIYn9VbrLerSTbCIlUJJ2uJlIRS6cVnBXqCJZTKdtEMnkzAzkZaQR3Djq7hxoYhbl+58G6dtFtr6w8DPd87hzPndkBIhTfNby6ysrq1vZDdzW9s7u3v6/kFLBBFHuIkCGvCOCwWmhOGmJJLiTsgx9F2K2+6oPq23HzAXJGB3chJix4cDRjyCoFSop5/ahMm4ML6Py0nx6izpj69tj0MUW0lcSRSuKDwu1nt63iyZMxnLxkpNHqRq9PQvux+gyMdMIgqF6FpmKJ0YckkQxUnOjgQOIRrBAe4qy6CPhRPPDkqME0X6hhdw9Zg0ZvT3RAx9ISa+qzp9KIdisTaF/9W6kfQunZiwMJKYofkiL6KGDIxpOkafcIwknSgDESfqrwYaQpWHVBnmVAjW4snLplUuWeel6m01XyukcWTBETgGBWCBC1ADN6ABmgCBR/AMXsGb9qS9aO/ax7w1o6Uzh+CPtM8fdlKcJA==</latexit>Z
(x2 + 9)dx =

1

3
x3 + 9x+ C

<latexit sha1_base64="cueI3mN/cZnteli7cHuZ9tAOQTM=">AAACMXicbZDLSgMxFIYzXmu9VV26GSxCNy0zpaibQsFNlxXsBTq1ZNJMG5rJDElGWoa8khvfRNx0oYhbX8JMO0VtPRD4853zk5zfDSkR0rJmxsbm1vbObmYvu39weHScOzltiSDiCDdRQAPecaHAlDDclERS3Ak5hr5Lcdsd3yb99iPmggTsXk5D3PPhkBGPICg16ufqDmEydjwOUWyrePIQl5VSg0l1zpN7cQmWM0VbJdhW1eKPT/VzeatkzctcF3Yq8iCtRj/34gwCFPmYSUShEF3bCmUvhlwSRLHKOpHAIURjOMRdLRn0sejF842VeanJwPQCrg+T5pz+dsTQF2Lqu3rSh3IkVnsJ/K/XjaR304sJCyOJGVo85EXUlIGZxGcOCMdI0qkWEHGi/2qiEdQpSB1yVodgr668Llrlkn1VqtxV8rVCGkcGnIMLUAA2uAY1UAcN0AQIPIFX8AbejWdjZnwYn4vRDSP1nIE/ZXx9A9/Iq7Y=</latexit>Z
1

x2
dx =

Z
x�2dx =

1

�1
x�1 = � 1

x
<latexit sha1_base64="kDrtfoYPjkYjgDsuVTCDmlg8Cfs="></latexit>Z

(cosx� x)dx =

Z
cosxdx�

Z
xdx = (sinx+ C)� (

x2

2
+ C 0) = sinx� x2

2
+ C”
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useful trigonometric identities: 
  

  

 

 
 
 

 
 

definite integrals evaluated between limits 
 

 
 

 
 

 
 

<latexit sha1_base64="3QewTGcOUZ7s5UX/fbsbbvU10yY=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSoUxJLYom6EQjcuK9gHNLFMppN26GQSZibSMuQH3Pgrblwo4ta9O//GaZuFVg9cOJxzL/fe48eUCGnbX0ZuaXlldS2/XtjY3NreMXf3WiJKOMJNFNGId3woMCUMNyWRFHdijmHoU9z2R/Wp377HXJCI3cpJjL0QDhgJCIJSSz3zyCVMKnynTivjNO2Pr9yAQ6ScVFXSTD2p98yiXbZnsP4SJyNFkKHRMz/dfoSSEDOJKBSi69ix9BTkkiCK04KbCBxDNIID3NWUwRALT82+Sa1jrfStIOK6mLRm6s8JBUMhJqGvO0Moh2LRm4r/ed1EBpeeIixOJGZovihIqCUjaxqN1SccI0knmkDEib7VQkOo45A6wIIOwVl8+S9pnZWd83L1plqslbI48uAAHIIScMAFqIFr0ABNgMADeAIv4NV4NJ6NN+N93pozspl98AvGxzdIVZua</latexit>Z
e�3xdx =

1

3
e�3x + C

<latexit sha1_base64="tsXiZTUsR3m56I9JIFpfmb2+51Y="></latexit>Z
(3x4 �

p
x)dx =

Z
3x4dx�

Z
x

1
2 dx =

3

5
x5 � 2

3
x

3
2 + C

<latexit sha1_base64="AffOsHy4BrS1YHavCxxkcVaCem4="></latexit> Z
3sin(4x)dx = �3

4
cos(4x) + C

check your answer by di↵erentiating:
d

dx
(�3

4
cos(4x)) = �3

4
·�sin(4x) · 4 = 3sin(4x)

<latexit sha1_base64="ccyjdnxC4mAt/t9WILFXVfMrTrA=">AAAB/XicbZDLSgMxFIYzXmu9jZedm2ARCkKZKUXdCAU3LivYC7RjyaSZNjSTDElGrEPxVdy4UMSt7+HOtzEznYW2/hD4+M85nJPfjxhV2nG+raXlldW19cJGcXNre2fX3ttvKRFLTJpYMCE7PlKEUU6ammpGOpEkKPQZafvjq7TevidSUcFv9SQiXoiGnAYUI22svn2IhbpLqtOHU0V5BpdusW+XnIqTCS6Cm0MJ5Gr07a/eQOA4JFxjhpTquk6kvQRJTTEj02IvViRCeIyGpGuQo5AoL8mun8IT4wxgIKR5XMPM/T2RoFCpSeibzhDpkZqvpeZ/tW6sgwsvoTyKNeF4tiiIGdQCplHAAZUEazYxgLCk5laIR0girE1gaQju/JcXoVWtuGeV2k2tVC/ncRTAETgGZeCCc1AH16ABmgCDR/AMXsGb9WS9WO/Wx6x1ycpnDsAfWZ8/lSKUlA==</latexit>

cos2x+ sin2x = 1
<latexit sha1_base64="QBf6Eeqf8eun2xjTnzEamtuK/MQ=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLUBeWmaGoG6HgxmUFe4F2LJk0bUMzyZBkpHUovoobF4q49T3c+TZm2llo9YfAx3/O4Zz8QcSo0o7zZeWWlldW1/LrhY3Nre0de3evoUQsMaljwYRsBUgRRjmpa6oZaUWSoDBgpBmMrtJ6855IRQW/1ZOI+CEacNqnGGljde0DLFTJG59cegbuEm86PnULXbvolJ2Z4F9wMyiCTLWu/dnpCRyHhGvMkFJt14m0nyCpKWZkWujEikQIj9CAtA1yFBLlJ7Prp/DYOD3YF9I8ruHM/TmRoFCpSRiYzhDpoVqspeZ/tXas+xd+QnkUa8LxfFE/ZlALmEYBe1QSrNnEAMKSmlshHiKJsDaBpSG4i1/+Cw2v7J6VKzeVYrWUxZEHh+AIlIALzkEVXIMaqAMMHsATeAGv1qP1bL1Z7/PWnJXN7INfsj6+AUXLk74=</latexit>

cos(2x) = 2cos2x� 1
<latexit sha1_base64="r/C1+l0uyQPVyzDNB9p8AEc93sM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCXVhmhqJuhIIblxXsA9qxZNK0Dc0kQ5KR1qH4K25cKOLW/3Dn35hpZ6HVAxcO59zLvfcEEaNKO86XlVtaXlldy68XNja3tnfs3b2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC6Sv3mPZGKCn6rJxHxQzTgtE8x0kbq2gdYqJI3Prl0Tz1F+V3iTceFrl10ys4M8C9xM1IEGWpd+7PTEzgOCdeYIaXarhNpP0FSU8zItNCJFYkQHqEBaRvKUUiUn8yun8Jjo/RgX0hTXMOZ+nMiQaFSkzAwnSHSQ7XopeJ/XjvW/Qs/oTyKNeF4vqgfM6gFTKOAPSoJ1mxiCMKSmlshHiKJsDaBpSG4iy//JQ2v7J6VKzeVYrWUxZEHh+AIlIALzkEVXIMaqAMMHsATeAGv1qP1bL1Z7/PWnJXN7INfsD6+AUn7k8M=</latexit>

cos(2x) = 1� 2sin2x

<latexit sha1_base64="66GqPaejyeqAygEvinz9tcZyVj8="></latexit>

evaluate

Z
cos2(x)dx

cos(2x) = 2cos2x� 1 therefor cos2x =
1

2
(cos(2x) + 1)

Z
cos2(x)dx =

Z
1

2
dx+

Z
1

2
cos(2x)dx

=
1

2
x+

1

2
· 1
2
· sin(2x) + C

=
1

2
x+

1

4
sin(2x) + C

<latexit sha1_base64="QLQrq7O72bJyBiJmV1NU2f+F0gA="></latexit>

evaluate

Z
sin2(x)dx

cos(2x) = 1� 2sin2(x) therefor 2sin2(x) = 1� cos(2x)

and sin2(x) =
1

2
� 1

2
cos(2x)

Z
sin2(x)dx =

Z
1

2
dx�

Z
1

2
cos(2x)dx

=
1

2
x� 1

2
· 1
2
· sin(2x) + C

=
1

2
x� 1

4
sin(2x) + C

<latexit sha1_base64="RpX4ESNHAAR85Ewho8Yanv5yVcM="></latexit>Z 2

0
x2dx =


1

3
x3 + C

�2

1

=
1

3
23 � 1

3
13 =

8

3
� 1

3
=

7

3

<latexit sha1_base64="Tc9W48ydXSYjpKgfBYcK9XjqeqU="></latexit>Z ⇡

0
sin(x)dx = [�cos(x) + C]⇡0 = �cos(⇡)��cos(0) = �(�1)��(+1) = �+ 1 + 1 = 2

<latexit sha1_base64="6NguNrvBPJxkMBsS83bgLa2g4Wg="></latexit>Z 1

�1
exdx = [ex + C]1�1 = e1 � e�1 = 2.7183� 0.3679 = 2.3504
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integration by parts 

 
 

 
 

 
 
 

integration using the chain rule/ or by substitution 

 
 

<latexit sha1_base64="DznuAQf8qdsntr/HRZT4SVDoYew=">AAACHXicbZDLSsNAFIYnXmu9RV26CRahLiyJFHUjFNy4rGAv0IYymUzaoZNJmEtoCXkRN76KGxeKuHAjvo3TNoq2Hhj4+b9zOHN+L6ZESNv+NJaWV1bX1gsbxc2t7Z1dc2+/KSLFEW6giEa87UGBKWG4IYmkuB1zDEOP4pY3vJ7wVoK5IBG7k+MYuyHsMxIQBKW2ema1S5hMVbkbcIhSP8lSf5SdZP7oSiWnU5Z8M/XDembJrtjTshaFk4sSyKveM9+7foRUiJlEFArRcexYuinkkiCKs2JXCRxDNIR93NGSwRALN51el1nH2vGtIOL6MWlN3d8TKQyFGIee7gyhHIh5NjH/Yx0lg0s3JSxWEjM0WxQoasnImkRl+YRjJOlYC4g40X+10ADqLKQOtKhDcOZPXhTNs4pzXqneVku1ch5HARyCI1AGDrgANXAD6qABELgHj+AZvBgPxpPxarzNWpeMfOYA/Cnj4wsUy6O1</latexit>Z
u(

dv

dx
)dx = uv �

Z
v(

du

dx
)dx

<latexit sha1_base64="45BGuB4CgUdnOpxtpaNeLcA6tKI="></latexit>

evaluate

Z
xsin(x)dx

u = x
du

dx
= 1

dv

dx
= sin(x) therefore v =

Z
dv

dx
dx =

Z
sin(x)dx

v =

Z
sin(x)dx = �cos(x) + C

Z
xsin(x)dx = uv �

Z
v
du

dx
dx

= x(�cos(x))�
Z

(�cos(x)) · 1dx

= �xcos(x) + sin(x) + C

<latexit sha1_base64="Y+vFNXuuRx6Cm07UxuK25JjdtoI="></latexit>

evaluate

Z
xexdx

u = x
du

dx
= 1

dv

dx
= ex therefore v =

Z
exdx = ex + C

Z
xexdx = uv �

Z
v
du

dx
dx

= x(ex)�
Z

(ex) · 1dx

= �xex � ex + C

= ex(x� 1)

<latexit sha1_base64="X28ZtOE/GIVRDHlIvpJsZ0zSFu8="></latexit>

evaluate

Z
(3x+ 1)2.7dx

let z = 3x+ 1
dz

dx
= 3 therefore dx =

1

3
dz

Z
(3x+ 1)2.7dx =

Z
z2.7

1

3
dz

=
1

3
(
1

3.7
z3.7) + C

=
1

11.1
(3x+ 1)3.7 + C
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Complex numbers Practice Activity 1 

• evaluate the following 

 

 
 

Complex numbers Practice Activity 2 

• write an expression for cosq and sinq using the exponential form of complex numbers 

                     
 

<latexit sha1_base64="M4EwYGrBmcpmqSSam7i+8CBJSDc="></latexit>

evaluate

Z
(1� x)

1
3 dx

let z = 1� x
dz

dx
= �1 therefore dx = �dz

= �
Z

(z)
1
3 dz

= �3

4
z

4
3 + C

= �3

4
(1� x)

4
3 + C

<latexit sha1_base64="2weu7o5gpoWMWBOWGZWC+Mk5kr8=">AAACGXicbVDLSsNAFJ3Ud3xVXboZLEJqsSQVH8uCG5cVrApNKJPpbR07mYSZiVBCf8ONv+LGhSIudeXfOK0RtPXAwOGcc7lzT5hwprTrflqFmdm5+YXFJXt5ZXVtvbixeaniVFJo0pjH8jokCjgT0NRMc7hOJJAo5HAV9k9H/tUdSMVicaEHCQQR6QnWZZRoI7WLrh9Cj4mMcNYTe0PbOaywg7JT22flfeegclvGvm/7IDo/iXax5FbdMfA08XJSQjka7eK734lpGoHQlBOlWp6b6CAjUjPKYWj7qYKE0D7pQctQQSJQQTa+bIh3jdLB3ViaJzQeq78nMhIpNYhCk4yIvlGT3kj8z2ulunsSZEwkqQZBvxd1U451jEc14Q6TQDUfGEKoZOavmN4QSag2ZdqmBG/y5GlyWat6R9Xaea1Ud/I6FtE22kEO8tAxqqMz1EBNRNE9ekTP6MV6sJ6sV+vtO1qw8pkt9AfWxxdrSp1c</latexit>

(5 + i3)(2� i)� (3 + j)
<latexit sha1_base64="HaYecU1SalKtsAjKkvpKoKU0yEk="></latexit>

(5 + i3)(2� i)� (3 + i)

= (10� 5i+ 6i+ 3)� (3 + i)

= (13 + i)� (3 + i)

= 10

<latexit sha1_base64="TXygN/2cQwUDO+9Rnez9x2g+ZGM="></latexit>

ei✓ = cos✓ + isin✓

rearrange to get cos✓

cos✓ = ei✓ � isin✓

now rearrange e�i✓ to get � isin✓

e�i✓ = cos✓ � isin✓

�isin✓ = e�i✓ + cos✓

substitute into cos✓ = ei✓ � isin✓

cos✓ = ei✓ + (e�i✓ + cos✓)

pull cos✓ terms together

2cos✓ = ei✓ + e�i✓

push the 2 back

cos✓ =
ei✓ + e�i✓

2

<latexit sha1_base64="ZmQKjvFMbpJ2zql9wjnYGEFhuBo="></latexit>

ei✓ = cos✓ + isin✓

rearrange to get isin✓

isin✓ = ei✓ � cos✓

now rearrange e�i✓ to get cos✓

e�i✓ = cos✓ � isin✓

cos✓ = e�i✓ + isin✓

substitute into isin✓ = ei✓ � cos✓

isin✓ = ei✓ � (e�i✓ + isin✓)

pull isin✓ terms together

2isin✓ = ei✓ � e�i✓

push the 2i back

sin✓ =
ei✓ � e�i✓

2i


